The possibility of dynamo action resulting from a pair of elongated vortex structures immersed in an electrically conducting uid is investigated. For elongated vortex structures the critical magnetic Reynolds number for dynamo action is about half that for the spherical rotors which have been studied previously. When applied to Kolmogorov turbulence with vortex structures of scale comparable to the dissipation length, this model can explain dynamo action only when the magnetic Prandtl number ( = kinematic viscosity / magnetic di usivity) exceeds a critical value that is larger than unity. It is argued that in astrophysical bodies where this condition is not satis ed (in stellar convection zones, for example), dynamo action must instead result from motions on all scales up to the size of the region.
I. INTRODUCTION
Over the last decade, the presence of coherent structures in turbulent ows has been recognized as being a distinctive feature, clearly visible in visualizations of vorticity in hydrodynamical simulations performed by several groups 1{3]. These structures consist of vortex laments, whose diameter is comparable with the dissipation scale and with length stretching to the integral length scale. The question of the role of this tangle of vortices for the dynamics, and for the statistical properties of the ow has attracted signi cant attention 4, 5] .
In the present paper we address the question of whether the vortex laments in an electrically conducting uid might play a direct role in the generation of magnetic elds by means of dynamo action. The generation of small-scale magnetic elds 6, 7] has been seen in various turbulence simulations 8{12]. Here we attempt to determine whether the vortex laments themselves may interact with a seed magnetic eld in order to produce small-scale dynamo action. This study is motivated by recent work simulating dynamo action from two inclined rotors 13]. This type of dynamo was rst studied by Herzenberg 14] and in fact provided one of the rst two rigorous proofs of the existence of dynamo action. The original Herzenberg dynamo consists of two rigidly rotating spheres within a solid body of nite but large extent. The electrical conductivity of rotor and container are the same. In an experimental realization of this model 15] the rotors were metal cylinders, embedded in a block of the same material, using mercury as a conducting lubricator. The three-dimensional simulations 13] were carried out on a cartesian mesh using a smoothed velocity eld representing the two rigidly rotating spheres in an electrically conducting medium at rest. Above a certain critical magnetic Reynolds number a weak seed magnetic eld begins to grow exponentially. The critical values for dynamo action as determined numerically, agree well with the asymptotic theory 14] for the Herzenberg dynamo. In the paper of Brandenburg et al. 13 ] a Herzenberglike process involving close uid vortex pairs was also brie y discussed as a possible model for dynamo action.
In the present paper we pursue this suggestion further. First of all we present the results of numerical simulations of a modi ed Herzenberg-like dynamo, whose geometry is intended to approximate that of a vortex lament. Thus, instead of spherical rotors, we consider the case of elongated ellipsoids, whose major axes are much longer than the other two and lie along the rotation vectors. We nd that in this modi ed geometry the dynamo still operates and, furthermore, the critical magnetic Reynolds number for the onset of dynamo action is smaller, being roughly one half of that of the original Herzenberg model.
Then, we apply those results to test the hypothesis of small-scale dynamo action resulting from the interaction of vortex laments in turbulent ows. In order to draw a connection between our vortex model and turbulence we make use of a scaling argument based on the Kolmogorov theory of turbulence. We then nally compare our predictions with data from Brandenburg et al. 12] , who simulated convective dynamo action in a rotating box 12]. Those simulations are tailored to represent part of the sun near the bottom of the convection zone. The model is compressible, and overshoot into the stably strati ed radiative interior beneath is included. Despite the amount of detailed physics included the main features of dynamo action agree with earlier simulations for simpler models 9, 10] . This paper is organized as follows. In section II we describe our simulations of a kinematic Herzenberg-type rotor dynamo and obtain an estimate for the value of the critical magnetic Reynolds number for the onset of dynamo action in this modi ed geometry. In section III we make use of Kolmogorov scaling to give an estimate for the conditions under which a Herzenberg-type dynamo, resulting from the interaction of vortex laments, could be excited in Kolmogorov turbulence. In section IV we test the hypothesis of vortex-generated dynamo action, using data from simulations of compressible hydromagnetic convection of Brandenburg et al. 12] , in which small-scale dynamo action is observed. We are led to the conclusion that the role of vortex tubes in the generation of small-scale magnetic elds cannot be as straightforward as suggested by Brandenburg et al. 13 ]. Therefore we consider in section V two possible modi cations of the mechanism proposed in section II: rstly we consider a model with a spherical rotor and a vortex sheet, and subsequently we examine the possible role of vortex clusters in the generation of large-scale magnetic elds.
II. A HERZENBERG-TYPE DYNAMO
The Herzenberg dynamo consists of two rigidly rotating spheres in a conducting medium. The conductivity is nite, and the same inside and outside the spheres, which have radius a and are separated by a distance 2d. The magnetic Reynolds number for the Herzenberg dynamo is de ned as Hz a 2 = ; (2.1) where is the angular velocity of the spheres and the magnetic di usivity. For dynamo action to take place this number has to exceed a certain threshold, which is a function of the ratio d=a and of the angle between the rotation axes. Qualitatively, in this model each rotor winds up a local poloidal eld, generates via eld line stretching a strong toroidal eld that di uses then to the other rotor, where it acts as a new local poloidal eld. In order for a self{excited dynamo to exist, the two axes must not be exactly parallel or perpendicular. In the particular case where the two rotation axes lie in two parallel planes separated by a distance 2d and are tilted with respect to one another by the angle , there is monotonic (non-oscillatory) dynamo action when is between 90 and 180 14, For j j 90 an oscillatory dynamo exists, with a marginal dynamo number that is 3{10 times larger than for the non-oscillatory dynamo present for j j 90 .
A. The numerical simulations
With the aim of connecting the Herzenberg mechanism for dynamo action and the interaction of vortex laments and magnetic elds in turbulent ows, we generalize the geometry of the Herzenberg dynamo by replacing the spheres with ellipsoids with aspect ratio b=a > 1, where a and b are the minor and major semi-axes, and the latter is also the rotation axis. Thus, when b a, we will consider the two ellipsoids as a model of a pair of vortex tubes. In this paper, we only consider the case of non-oscillatory dynamo action from pairs of tubes. We note that a more detailed inspection of vortex pairs in hydromagnetic turbulence simulations does indeed seem to suggest that nearby tubes are more nearly antiparallel than parallel. We use a very similar setup to that described in 13]. We consider a medium of uniform conductivity . A steady velocity eld is constructed such that two ellipsoids centered at x 1 ; x 2 with radius a and major axis b, separated by a distance 2d, are rigidly rotating with angular velocities 1 
B. Results
In Fig. 1 we show the behaviour of the critical Herzenberg number Hz crit , as a function of b=a, the aspect ratio of the ellipsoids. For elongated structures with b > a, the critical value of the dynamo number is smaller than for the case b = a for the same value of a. For the particular value = 125 , we nd numerically that Hz crit approaches a limit as b=a increases (see Fig. 1 ). In this limit Hz crit is about half the value for spherical rotors, a = b. For values of closer to 0 , 90 or 180 the critical value is larger, in accordance with Eq. (2.2). The fact that the critical value of the dynamo number does not decrease further as b=a increases can be explained if we note that dynamo action originates from the interaction of magnetic elds in those regions where the separation of the vortices is smallest. The size of these regions does not vary as b=a increases beyond a certain critical value, for any given orientation. Also, the eld twisting and stretching will be most e ective near the equatorial regions of the vortices. A vector plot of the eld structure, when the dynamo is excited, for the case when b=a = 6, is given in Fig. 2 . The resulting eld looks similar to that in the case of spherical rotors, a = b, see Ref. 13] , indicating that the elongated shape of the rotors has only a weak e ect on the resulting eld structure.
The behavior of the asymptotic critical value Hz crit as a function of a=d is shown in Fig 
III. THE HERZENBERG-LIKE DYNAMO IN TURBULENT FLOWS
We have already mentioned that vortex tubes, as seen in numerical simulations, have a typical length much greater than their radius. So we use Eq. (2.11) to estimate the critical Herzenberg number Hz crit for a pair of vortex tubes. We de ne the Herzenberg number Hz for such a pair in a fashion analogous to (2.1), Hz = a 2 = = !a 2 =2 ; (3.1) where the angular velocity is set at half the value of the vorticity ! at the center of the tube. Thus expression (3.1) for the Herzenberg number only contains quantities that can be related to the properties of the ow. The size of the vortex, a, and the magnitude of the vorticity !, both depend on the Reynolds number of the ow Re. If the scaling of those quantities with Re is known we can calculate the scaling of Hz. In the following we shall assume that Kolmogorov scaling holds for all the quantities related to the ow. The Reynolds number Re is de ned in the usual way as Re = U L= , where U is the rms velocity hu 2 i 1=2 , L the integral scale of the ow, and the kinematic viscosity.
A. Scaling for the tube radius a
In order to establish the scaling law for the diameter of the vortex tubes a in (3.1), we have to relate this quantity to other characteristic scales in the ow whose scaling law is known from the theory. This is in fact a topic over which 
B. The scaling of Hz with Re
The scaling law for ! in (3.1) is obtained by putting !a=2 a = u a where u a is a typical velocity at scale a. In Kolmogorov turbulence the scaling u a = U (a=L) 1=3 (3.7)
holds. Dropping factors of order unity, as elsewhere in this scaling argument, we thus obtain from Eqs. in the two cases where a scales either with`or with . Here, Pr M = = is the magnetic Prandtl number ( and are the kinematic and magnetic di usivities).
Thus we see that in the rst case the magnetic Reynolds number of a Herzenberg{like dynamo made of a pair of vortex tubes, depends not on the Reynolds number of the ow, but just on its magnetic Prandtl number. A criterion of this type was rst suggested by Batchelor 19 ] using a qualitative argument based on the similarity between the equations governing magnetic eld and vorticity.
In the second case there is the possibility that the critical Herzenberg number for dynamo action can be achieved by increasing the Reynolds number of the ow, and not just by changing the Prandtl number. We note here that, in the Sun, Pr M is of the order 10 ?7 , so that this mechanism cannot provide a qualitative picture of the phenomena involved there in the small scale dynamo. Moreover, whenever Pr M < 1, the mechanism proposed here could not work because then the typical length scale for magnetic di usion ( 3 = ) 1=4 would be larger than the kinematic dissipation length so that advection of magnetic elds on the scales of the vorticity tubes would be impossible.
IV. A COMPARISON WITH TURBULENT HYDROMAGNETIC CONVECTION DATA
We now use our vortex model of dynamo action to try to explain dynamo action seen in the numerical simulations of Brandenburg et al. 12] . In those simulations, the dynamo results from turbulent convection that develops in a convectively unstable layer of depth L between two stably strati ed layers. The nondimensional units used are such that length and time units are x] = L and t] = (L=g) 1=2 , where L is the depth of the unstable convection zone and g is the acceleration of gravity. For further details see Ref. 12] . In particular we look at snapshots of velocities from two runs, Run A and Run D, that di er from each other in resolution, Reynolds and Prandtl numbers (see Table I ). Run A has a smaller Reynolds number and a larger magnetic Prandtl number than Run D
In both cases a turbulent magnetic eld is sustained against magnetic di usion by dynamo action. Looking at the ow pattern (Fig. 4) , we can identify vortex pairs. We therefore measure the relevant parameters for the local magnetic Reynolds (or Herzenberg) number, as de ned in Eq. (3.1), at the scale a of the vortex tubes and compare this value with the critical value for dynamo action as estimated in Eq. (2.11).
We display in Table II the measured values of the parameters for two arbitrarily chosen vortex pairs in Runs A and D. The value of a is taken to be the radius within which the vorticity exceeds three times the rms value. The value of is taken to be ! max =2. Given the value of (Table I) we nd the values of Hz to be 100 and 20 for Runs A and D, respectively. The critical value, on the other hand, is around 75. Here we have assumed that d = a, which is appropriate for close vortex pairs. We have also assumed = 125 , which is the most optimistic case. However, even in that case the vortex model would still be subcritical by a factor of almost 4 when applied to Run D. Thus, although Herzenberg dynamo action is possible in case A, this is hardly a viable dynamo mechanism, because it does not work in case D, where turbulent dynamo action is also observed.
Note that, in Run D the Prandtl number is less than unity. As we have already seen at the end of section III B this is an unfavorable condition for the mechanism that we have proposed to explain dynamo action. This is simply because the di usion length of the magnetic eld is now larger than the dissipation scale`. Thus, on the scale of the vortex tubes the magnetic Reynolds number is too small for dynamo action to be possible.
A. On the scaling of the ratio a=d with Re
We have seen in Eq. (2.11) that the critical value of Hz depends on (a=d) ?2:7 multiplied by a number that is around 75 for = 125 . We have so far assumed that (a=d) 1. We are here interested in the possibility that this ratio depends upon the Reynolds number. On the one hand a decreases as Re increases, but on the other the number of vortex tubes is increased. In order to estimate the mean separation of the tubes, d = D=2, we rst relate D to the number of tubes, N L say, in the volume L 3 . This number is related to the fractional volume occupied by the tubes which in turn is related to the lling factor.
For the purpose of counting the number of tubes, we may think of all tubes being rearranged such that they are all parallel to each other and equally spaced, the distance between each tube being D. To cover the whole surface of a box of size L Table I ). One possible explanation is that some tubes may have much smaller separations than others, and dynamo action is mainly accomplished by a small number of close pairs of tubes. But even then P r M would have to exceed a value of about 70, which is not the case.
V. VARIATIONS ON THE MODEL
The considerations of the previous sections suggest that the hypothesis of dynamo action from interactions of pairs of vortex tubes can be rejected, if the magnetic Prandtl number is small. Many astrophysical bodies, including the Sun and other stars, have small magnetic Prandtl numbers, whereas it is generally believed that in them a small-scale dynamo does operate 20]. Of more immediate concern to us is the fact that in Run D, where we know that there is small-scale dynamo action, the numbers do not support the hypothesis that small-scale dynamo action is due to interaction between pairs of vortex tubes. Thus, we must look for other ways to explain this.
A. Vortex Sheets
Closer inspection of visualizations of vorticity suggests not only the presence of vortex tubes, but also of vortex sheets due to regions of uid moving in the form of downdrafts. An example is shown in Fig. 5 , where we show a two dimensional cross-section of the velocity eld of Run D, and the corresponding magnetic eld of the form shown in Fig. 6 . The combined occurrence of vortex sheets and tubes has also been noted earlier 4].
Although vortex sheets are probably not as prominent as tubes when visualized using a threshold procedure, they may still be important for the dynamo because of the enhanced area over which tubes interact with a sheet. We have performed a simulation relevant for this case, in a similar fashion to that used in the case of vortex tubes. We have considered a system composed of a vortex sheet and a spherical rotor of radius a whose rotation axis is inclined with respect to the direction of the vorticity vector of the sheet. The sheet is de ned such that the vorticity takes the form 
B. Vortex clusters. A three rotor dynamo
Another possibility for explaining dynamo action in Run D is that dynamo action occurs not on the smallest possible scale, the diameter of tubes, but on larger scales (either in addition, or solely). The power spectrum of the magnetic eld supports the view that the magnetic energy contains contributions from all scales 12]. A close inspection of the vorticity eld in Run D suggests that the tubes group into two or three distinct clusters (see Fig. 8 ).
Clusters are in relative motion to each other and so this raises the question whether each cluster could be considered as a`super-rotor'. In the following we consider this suggestion quantitatively. Looking at visualizations of the vorticity (Fig. 8) Table III for one particular choice.
Due to mutual cancellations of nearly anti-aligned pairs of vortex tubes the magnitude of the averaged vorticity is smaller than the vorticity in the small individual vortex tubes considered so far (see, e.g., Table II ). Quantitatively, this can be described considering the velocity structure function, u r = U (r=L) 1=3 ; (5.6) where u r is the transversal velocity di erence between two points separated by a distance r. The vorticity over a scale r is then ! r = u r =r = (U=L)(r=L) ?2=3 : (5.7)
The vorticity on a length scale of the order of the integral scale L is just U=L. Using the data from Table I we have U=L = 0:036, which is consistent with the value given for ! i in Table III . On the other hand, making use of (5.7), we see that the numerical value of the vorticity on the scale a = 0:02L (which is the scale of the vortex tubes in Run D) is around one. This is consistent with the direct measurement of the value of ! for Run D (see Table II ). We now use the three vorticity vectors obtained above to construct a system of three spherical rotors in which the angular velocities of the rotors i is such that i = h!i i =2.
For this system of vortex clusters we de ne a Herzenberg number Hz = a 2 = , where now a is the size of the cluster and is the geometric mean of the moduli of the angular velocities of the three rotors. In order to test the sensitivity of the model to the choice of the boxes, we have performed the simulations for three di erent choices of the dimensions and location of the clusters. The critical value for the magnetic Reynolds numbers Hz crit for these three di erent cases are given in Table IV and they are compared with the critical values calculated for the Run D. We can see that the three rotor models are still subcritical by approximately a factor three. Instead of taking volume averages, we could have taken averages over shells of di erent thickness. This, however, does not seem to change the qualitative results that we have obtained with the full boxes. A comparison between di erent averaging procedures is given in Table V . From those results we may conclude that the vortex cluster model cannot explain the dynamo action present in Run D.
In summary, among the variations on the model the vortex sheet model gives dynamo action for the smallest magnetic Reynolds number.
VI. IS TIME DEPENDENCE IMPORTANT?
It is possible that a ow eld that is evolving in time may accelerate the transport of eld between rotors. In the traditional Herzenberg dynamo this is accomplished by di usion, which is a slow process. One could therefore imagine that eld advection (instead of eld di usion) between the two rotors could facilitate dynamo action. In order to clarify this we now present the results of a kinematic calculation using a frozen-in-time velocity eld taken from the same snapshot of Run D for which the vorticity is given in Fig. 8 . The numerical resolution is 126 126 105 meshpoints, which is identical to that of the original convection simulations.
We nd that even in the kinematic case the magnetic eld organizes itself in the form of ux tubes { see Fig. 10 . Note that in order to see those structures we have lowered the level of the contour shown in this gure to only 7% of the maximum value. (At 18% of the maximum, i.e. the value used in Fig. 11 , only a single spot would have been visible. Thus the eld is much more strongly localized in the kinematic case.) In Fig. 9 we show the growth of the magnetic energy as a function of time for two di erent values of 1= ( p gL 3 = in dimensional units). For 1= = 2 10 4 , corresponding to a magnetic Reynolds number of about 700, we found a growth rate of about 3200 inverse di usion times, corresponding to an e-folding time of about 0.2 turnover times. For 1= = 10 4 (magnetic Reynolds number about 350) we found a growth rate of about 170 inverse di usion times, corresponding to an e-folding time of about 6 turnover times. Extrapolating on these two cases we expect the critical value of 1= for dynamo action to be just below 10 4 . In both cases the growth is oscillatory. The value of 1= used in the original dynamical calculation was 1:6 10 4 . The fact that dynamo action is found even for a time independent ow eld suggests that time dependence is not essential for turbulent dynamo action. Moreover, even for 1= = 10 4 the growth time was shorter (6 turnover times) than in the dynamical calculation with 1= = 1:6 10 4 , where the growth time was about 20 turnover times. Hence, in an evolving velocity eld the magnetic eld growth is actually slower.
For comparison, we show in Fig. 11 a snapshot of the magnetic eld con guration from Run D at the instant at which we took our kinematic velocity eld. When compared with Fig. 10 , there are some broad similarities, but also obvious di erences. In particular, there is a strong`hot-spot' in Fig. 10 , which is only marginally present in Fig. 11 . The explanation seems reasonably straightforward. The growth time for the dynamo is considerably greater than the characteristic time scale of the dynamically driven motions of Run D. Thus, in this case, there is never enough time for the magnetic eld to approach the steadily growing (instantaneous) eigenmode, which is illustrated in Fig. 10 . (This also plausibly explains why the evolving velocity eld gives a slower growth rate for the magnetic eld.) These comparisons provide at least a hint that, although a time invariant`frozen' velocity eld can support a dynamo, it may not be a valid way to investigate time dependent dynamo action.
A comparable di erence between`frozen' and evolving velocity elds has also been seen in particle advection by turbulent ows 21]. There, with the`frozen' velocity eld, particles continue to stream into the same points, while in the time-dependent case such points are never su ciently long lived for this to happen. On the other hand, statistical properties such as topological entropies are remarkably similar in the two cases 22]. This suggests that the complicated nature of the velocity eld (see, e.g., Fig. 8 ) is an important property of the dynamo, which is di cult to model by a constructed ow eld such as the simple vortex model considered here.
VII. CONCLUSIONS
The present calculations have shown that a vortex pair or cluster model can produce dynamo action with parameters appropriate to the simulation with Pr M = 4 (Run A), but not for parameters chosen to represent the simulation with Pr M = 0:5 (Run D). Given that the original convection simulations did exhibit dynamo action in both cases, we must conclude that our simple vortex models cannot be viable { at least not for low values of Pr M . There are several possible reasons. If we look at, for example, Fig. 4 , we see that the two vortices that we model occupy a small fraction of the computational domain. It could be imagined that local Herzenberg-like ampli cation of magnetic eld might occur in the vicinity of these vortices, but in a simple model (section IV), much of the toroidal (with respect to the vortex axes) ux generated will di use to large distances, whilst decaying. For the adopted vortex parameters, a dynamo is not maintained. In the presence of the complete velocity eld, other vortices, either singly or in groups, will interact with and amplify this di using eld. (We do not suggest that this secondary process need itself constitute dynamo action, merely eld ampli cation.) Some of this ampli ed eld will then di use back towards the original vortex pair. This in ux of magnetic eld could take a nominally subcritical Herzenberg-like system into a supercritical regime. In this sense, dynamo action would be a collective phenomenon, which cannot be analysed locally.
Another possibility is that large scale motions not associated directly with the vortex tubes play a vital role in exciting the dynamo, perhaps by enhancing the transport of magnetic ux between vortices. More generally, and in some ways encompassing both of these points, we might say that turbulent motions occur on a large range of length scales and that essential contributions to dynamo action come from motions on larger scales. The geometry of the velocity eld for a working dynamo is clearly very complex (see Fig. 8 ) and plausibly cannot easily be described by a simple vortex model, which only mimics selected local features of the ow eld. The time is the same as in the vorticity plot in Fig. 8 .
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